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The existence and limits of metastable droplets have been calculated using finite-system
renormalization-group theory, for q-state Potts models in spatial dimension d = 3. The depen-
dence of the droplet critical sizes on magnetic field, temperature, and number of Potts states q
has been calculated. The same method has also been used for the calculation of hysteresis loops
across first-order phase transitions in these systems. The hysteresis loop sizes and shapes have been
deduced as a function of magnetic field, temperature, and number of Potts states q. The uneven
appearance of asymmetry in the hysteresis loop branches has been noted. The method can be ex-
tended to criticality and phase transitions in metastable phases, such as in surface-adsorbed systems
and water.

I. INTRODUCTION: NON-EQUILIBRIUM

PROPERTIES FROM AN EQUILIBRIUM

CALCULATION

Recently equilibrium renormalization-group calcula-
tions have been simply extended to the calculation of the
properties of metastable droplets of the non-equilibrium
phase surviving inside the equilibrium thermodynamic
phase [1]. This method was illustrated with the Ising
model in d = 3 spatial dimensions. The limiting droplet
sizes have been determined as a function of temperature
and magnetic field. The critical magnetic fields, above
which no metastable droplet can exist, have been calcu-
lated as a function of temperature. The method consists
in making a finite-system renormalization-group calcula-
tion of the magnetization [2] and matching the bound-
ary counditions of the outermost layer of the droplet.
If this reverse magnetization sustains inside the droplet,
the droplet exists and otherwise not, for the given droplet
size.
In the present study, we have extended this work to q-

state Potts models for arbitrary q in d = 3. We determine
the threshold droplet sizes as a function of the number
of states q and find changes even at high values of q,
similarly to the equilibrium thermodynamic properties of
the Potts models [3]. The method also naturally yields
the calculation of hysteresis loops, which yields a large
variety as a function of q, domain size, and temperature.

II. MODEL AND METHOD

The Potts models are defined by the Hamiltonian:

− βH =
∑

〈ij〉

{J [δ(si, sj)− 1/q] +H [δ(si, 1) + δ(sj , 1)]} ,

(1)
where β = 1/kBT , at site i the spin si = 1, 2, ..., q can be
in q different states, the delta function δ(si, sj) = 1(0)
for si = sj(si 6= sj), and 〈ij〉 denotes summation over all
nearest-neighbor pairs of sites. We have used the trace-
less form of interaction in the first term of Eq.(1). Under
renormalization-group, the Hamiltonian is conveniently
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FIG. 1. Metastable droplet magnetizations M = [〈δ(si, 1)〉 −
1/q]/(1 − 1/q) as a function of droplet size, at temperatures
T/TC = JC/J = 0.25. The droplet exists when the magneti-
zation is negative. In each panel for each number q of Potts
states, the lines are for magnetic fields H = 0.1, 0.5, 1, 2, 3, 4.5
from right to left. The maximal droplet size is the average of
the lengths at each end of the rise from negative to positive
calculated magnetization.

expressed as

− βH =
∑

〈ij〉

[E(si, sj) +G] , (2)

The last term in Eq.(2) is the additive constant that
is unavoidably generated by the renormalization-group
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FIG. 2. Maximal droplet sizes as a function of the number q
of Potts states, for different magnetic fields, at temperatures
T/TC = JC/J = 0.25. The multi-stepped curves are, from
top to bottom in each panel, for H = 0.001, 0.005, 0.01 (top
panel), 0.05, 0.1, 0.5 (middle panel), 1, 2, 3 (bottom panel).
Note from vertical axis values, the wide range of droplet sizes
under different conditions.

transformation and that is essential in the calculation
of the thermodynamic densities, as seen below. With
no loss of generality, after each renormalization-group
transformation, G is fixed so that the largest energy
E(si, sj)max of the spin-spin interaction is zero (and all
other E(si, sj) < 0). This formulation makes it possible
to follow global renormalization-group trajectories, nec-
essary for the calculation of densities for the point at the
onset of the renormalization-group trajectory, without
running into numerical overflow problems.
As the renormalization-group transformation, we use

the Migdal-Kadanoff approximation [4, 5] with length
rescaling factor b = 2, which is also the exact trans-
formation for a d = 3 hierarchical lattice [2, 6, 7].
(However, it will be seen below that our method is us-
able with any renormalization-group transformation. We
have used the Migdal-Kadanoff approximation here, as
it is easily implemented and has been quite successful
in a variety of systems.) This transformation consists

10-8 10-7 10-6 10-5 10-4 10-3 10-2 10-1 100 101

Magnetic Field H
101

102

103

104

105

106

T
h
re
sh
ol
d
 D
ro
p
le
t S

iz
e L

c

q⟶∞
T/Tc =1/4

FIG. 3. Maximal droplet sizes as a function of magnetic field,
at temperature T/TC = JC/J = 0.25. As seen in Fig. 2, the
maximal droplet size occurs at large q. A crossover in power-
law behavior is clearly seen, from LC ∼ H−0.99 at low H to
LC ∼ H−0.33 at very low H .
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FIG. 4. Hysteresis loops for different temperatures, for
q = 3. From outer to inner, the loops are for temperatures
T/TC = JC/J = 0.25, 0.50, 0.75. As the temperature ap-
proaches TC , the hysteresis loops get narrower and the two
branches composing the loop acquire curvature starting from
the non-leading side with respect to scanning direction.

in a bond moving followed by a decimation, giving the
renormalization-group recursion relations. The transfor-
mation is very simply expressed in terms of the trans-
fer matrix T(si, sj) = eE(si,sj): Bond moving consists of
taking the power of each element of the transfer matrix,

T̃ (si, sj) = [T (si, sj)]
bd−1

. Decimation consists of matrix

multiplication, T′e−G̃ = T̃ · T̃, and the recursion rela-

tion for the additive constant is G′ = bd+ G̃. The primes
denote the quantities of the renormalized system.
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FIG. 5. Hysteresis loops for different sizes, for q = 3 and temperature T/TC = JC/J = 0.50. From outer to inner, the loops
are for sizes L = 4, 8, 16 (on left) and 32, 64, 128 (on right). As the system size increases, the hysteresis loops get narrower and
acquire vertical edges.

The densities are calculated by the density recursion
relation of the renormalization-group transformation,
M = b−d

M
′ ·R, where M = [1, 〈δ(si,m)δ(sj , n)〉] are

the densities conjugate to the energies K = [G,E(m,n)],
where m,n span the Potts states (1, ..., q) and n = m is
not included in K, since in our calculation these corre-
spond to the leading energies and are always set to zero

as explained above, by fixing G̃. The recursion matrix
is R = ∂K′/∂K. By multiply self-imbedding this den-
sity recursion relation, M(0) = b−d

M
(n) ·R(n) · ... ·R(1),

where M
(m) are the densities at the energies K

(m)

reached after the (m)th renormalization-group iteration.
Our calculation of the densities M(0) is done by using the
droplet boundary condition for M(n) where L = bn is the
size of the would-be droplet. We perform our metastable
droplet calculations for H > 0 in Eq.(1), so that the
magnetization M = [〈δ(si, 1)〉 − 1/q]/(1 − 1/q) is posi-
tive (negative) in the equilibrium thermodynamic phase
(metastable phase) and 〈δ(si,m 6= 1)δ(sj ,m)〉 = 1 is the
metastable droplet boundary condition.

III. RESULTS: METASTABLE DROPLETS

The calculated metastable droplet magnetizations
M = [〈δ(si, 1)〉 − 1/q]/(1− 1/q) as a function of droplet
size L are given in Fig. 1, for temperatures T/TC =
JC/J = 0.25, where 1/JC is the equilibrium critical tem-
perature, obtained [2, 3] for each q from the solution of
x = (x8 + q − 1)/(2x4 + q − 2), where x = eJC . The
droplet exists when the magnetization is negative. In
each panel for each number q of Potts states, the lines
are for magnetic fields H = 0.1, 0.5, 1, 2, 3, 4.5 from right
to left. The magnetization discontinuity occurs at the
maximal droplet size LC for each q and H . Higher mag-
netic field H energetically favors the equilibrium ther-
modynamic phase, moves the system away from H = 0

where the metastable phase also becomes a stable ther-
modynamic phase, and represses the metastable droplet.
The thus calculated maximal droplet sizes as a func-

tion of the number q of Potts states for different mag-
netic fields, at temperatures T/TC = JC/J = 0.25,
are given in Fig. 2. From vertical axis values, a wide
range of droplet sizes under different conditions is seen.
The multi-stepped curves show changes even at unusually
high values of q, namely in the hundreds. This is akin
to the equilibrium properties of the Potts models, where
the phase transition temperature does not saturate as a
function of q, unlike the similar clock models [3].
Maximal droplet sizes as a function of magnetic field,

at temperature T/TC = JC/J = 0.25, are given in Fig.
3. As seen in Fig. 2, the maximal droplet size occurs
at large q. A crossover in power-law behavior is clearly
seen, from LC ∼ H−0.99 at low H to LC ∼ H−0.33 at
very low H .

IV. RESULTS: HYSTERESIS LOOPS

Another common non-equilibrium occurrences are hys-
teresis loops, where, in scanning across a first-order
phase transition, the system retains the memory of pre-
vious steps, via pinned spins at the boundaries of mi-
crodomains or at impurities, or slow dynamics. Our
method is easily applicable to this phenomenon. In per-
forming our density calculation for a finite microdomain,
we keep the boundary condition pinned at the q = 1
phase when scanning down in magnetic field and at the
q 6= 1 phases when scanning up in magnetic field. Thus,
in all of our results seen in Figs. 4-6, the upper (lower)
branch of the hysteresis loop is obtained for scanning
down (up) in magnetic field.
Hysteresis loops for different temperatures, for q = 3,

are shown in Fig. 4. From outer to inner, the loops are
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FIG. 6. Hysteresis loops for different number of states q,
for temperatures T/TC = 1/4 and L = 32. From outer to
inner, the loops are for q = 20, 10, 6, 5, 4, 3. As the number of
states decreases, the hysteresis loops get narrower and acquire
curvature at the non-leading side with respect to scanning
direction of each branch.

for temperatures T/TC = JC/J = 0.25, 0.50, 0.75. As the
temperature approaches TC , the hysteresis loops get nar-
rower and the two branches composing the loop acquire
curvature starting from the non-leading side with respect
to the scanning direction. Hysteresis loops for different
sizes, for q = 3 and temperature T/TC = JC/J = 0.50,
are given in Fig. 5. As the system size increases, the

hysteresis loops get narrower and acquire vertical edges.
At infinite system size, the single discontinuous curve of
the equilibrium first-order phase transition obtains. Hys-
teresis loops for different number of states q, for temper-
atures T/TC = 1/4 and L = 32, are given in Fig. 6. As
the number of states decreases, the hysteresis loops get
narrower and acquire curvature at the non-leading side
of each branch.

V. CONCLUSION: METASTABLE

CRITICALITY

It is seen that metastable phase droplet proper-
ties can readily be calculated, using finite-system
renormalization-group theory, for a variety of systems.
Furthermore, critical phenomena and phase transitions
in metastable phases have been discussed, in the past,
for important physical systems, such as surface-adsorbed
systems [8, 9] and water [10, 11]. Our method can be
applied to study such metastable criticality and phase
transitions.
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